Indonesian Journal of Science & Technology 4 (2) (2019) 257-262

ey

ey

—

—3 —

_—
JURNAL UPI

~ %ﬁﬂ Indonesian Journal of Science & Technology ./’;’

Journal homepage: http://ejournal.upi.edu/index.php/ijost/ IJOST o smes

Third Version of Weak Orlicz-Morrey Spaces
and Its Inclusion Properties

Al Azhary Masta*, Siti Fatimah, Muhammad Tagiyuddin

Department of Mathematics Education, Universitas Pendidikan Indonesia, JI. Dr. Setiabudi 229, Bandung 40154

Correspondence E-mail: alazhari.masta@upi.edu

ABSTRACT

Orlicz—Morrey spaces are generalizations of Orlicz spaces and
Morrey spaces which were first introduced by Nakai. There
are three versions of Orlicz—Morrey spaces. In this article,
we discussed the third version of weak Orlicz —Morrey
space, which is an enlargement of third version of (strong)
Orlicz—Morrey space. Similar to its first version and second
version , the third version of weak Orlicz -Morrey space is
considered as a generalization of weak Orlicz spaces, weak
Morrey spaces, and generalized weak Morrey spaces. This
study investigated some properties of the third version of
weak Orlicz —Morrey spaces, especially the sufficient and
necessary conditions for inclusion relations between two
these spaces. One of the keys to get our result is to estimate

the quasi- norm of characteristics function of open balls in R™.
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1. INTRODUCTION

Orlicz-Morrey spaces are generalization
of Orlicz spaces and Morrey spaces and it is
firstly introduced by E. Nakai in 2004
(Maeda et al., 2013 ; Nakai , 2008 ; Deringoz
etal., 2015). These paces are one of the
important topics in mathematical analysis ,
particularly in harmonic analysis . There are
three versions of Orlicz —Morrey spaces , i.e:
Nakai ’s, Sawano—Sugano—Tanaka’s (Gala et
al., 2015) and Deringoz —Guliyev —Samko ’s (
Deringozetal., 2015) versions.

For a Young function 0: [0, 0) — [0, =)
(i,e. ©® is convex, ltin(')n@(t) =0=0(0),
continuous and tlim@(t) = o), we define
07 1(s): = inf{r = 0: O(r) > s}. Given two
Young functions 04, ©,, we write 0; < 0, if

there exists a constant C > 0 such that
0;(t) < 0,(Ct) forallt > 0.

Now, let Gy be the set of all functions
0:(0,0) = (0,00) such that 6(r) is
decreasing but @ 1(t™)4(t)"! is almost
decreasing for all ¢ > 0. Let 6; € G, and
0, € Gg,, we denote 0, < 0, if there exists
a constant C > 0 such that 6;(t) < C6,(t)
forallt > 0.

First we recalled definition of (strong)
Orlicz—-Morrey spaces of Deringoz—Guliyev—
Samko’s (2015) version. Let ©® be a Young
function and 6 € Gy, the Orlicz—-Morrey
space My o(R™) is the set of measurable
functions f on R™ such that

B(a,r)
I f lacgomm:= Sup ————3 I f o)<
a€R™,r>0 2] (lB(a, r)lﬁ)

where | £ Il = inf(b > 0: [, © ('f(b")') dx < 1}.
Here, B := B(a,r) denotes the op—en ball in
R™ centered at a € R™ with radius r > 0,
and |B(a,r)| for its Lebesgue measure.

Meanwhile, for © is a Young function
and 8 € Gy, the weak Orlicz—Morrey space
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WMy o(R™) is the set of all measurable
functions f on R™ such that

o (@)
a,r
I f Nwacygmy: = SUp 1) I f lwigm)< o,

aeR™r>0 g (lB(a, r)ﬁ
where
- _ 1f G0l
Il f lwiger): = infib > 0:sup®(¢) |jx € B.T> te| <1t

t>0

The space wMy o(R™) is quasi-Banach
spaces equipped with the quasi-norm |-
lwacgo(rm). Note that, analog with
My o(R™) space, wMyo(R™) also covers
many classical spaces, which shown in the
following example.

Examplel.llet1 <p<q <o, Pbea
Young function, and 8 € Gg then we obtain:

1. If O(t):=tP and O(t):=tP, then

wMy o (R™) = wLP (R™) is weak
Lebesgue space.

2. If O(t):=t? and O(t):=tP, then
wMgo(R™) = wM,(R™) is classical
weak Morrey space.

3.1f O():=tP, then wMye(R™) =

wM} (R™) is generalized weak Morrey
space.

4. 1f6():=071(t™), then wMy o(R") =
wLg(R™) is weak Orlicz space.

Moreover, the relationship between
My o(R™) space and wMy o (R™) space can
be stated as the following lemma.

Lemma 1.2 Let @ be a Young function and
0 € Gg. Then My o(R™) € wMy o (R™) with
I f lwacg o®m =l f IRV

forevery f € My o(R™).

Many authors have been culminating
important observations about inclusion
properties of function spaces, see (Jiménez-
Vargas et al, 2018; Maligranda and
Matsuoka, 2015; Masta et al., 2018; Masta,
2018; Tagiyuddin and Masta, 2018; Diening,
and RGzicka, 2007), etc. Reports in literature
(Masta et al., 2018) obtained sufficient and
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necessary conditions for inclusion of strong
Orlicz—Morrey spaces of all versions. In the
same paper , Masta et al. (2017) also proved
the sufficient and necessary conditions for
inclusion properties of weak Orlicz—Morrey
spaces of Nakai s and Sawano —Sugano —
Tanaka’s versions.

In this paper, we would like to obtain
the inclusion properties of weak Orlicz—
Morrey space wMyo(R™) of Deringoz—-
Guliyev—Samko’s version, and compare it
with the result for Nakai’s and Sawano-
Sugano-Tanaka’s versions.

2. METHODS

To obtain the sufficient and necessary
conditions for inclusion properties of
My o(R™), we used the similar methods in
(Gunawan etal., 2017, 2018 ; Masta et al.,
2018 ; Masta, 2018 ; Osancliol , 2014 ), which

pay attention to the characteristic functions
of open ballsin R"™, in the following lemma.

Lemma 1.3 (Guliyev etal.,, 2017) Let @ be a

Young function, 8 €Gg, and 1, >0, then
there exists a constant C > 0 such that

1 C
8(ro) = XB(0,70) ”MB,G(Rn)S IS

For weak Orlicz—Morrey spaces, we
have the following lemma.

Lemma 1.4 Let @ be a Young function, 6 €
Gg, and 1y > 0, then there exists a constant
C > 0 such that

1 C
o0 =1 X80m) lwatg o= 565

Proof. Since © is a Young function and
0 € Gg, by Lemmas 1.2 and 1.3, we have

Il XB(0ry) lwatgo®=I XB(0r) ey emm)

<<
0(r0)

On the other hand,
(T
o (lsan)

= su —_—
Il XB(0;r0) ”WMG,O(R") ac 6(|B(a, ) I XB(0,10) "WLB(a,r)

R™,7>0

= su 071(\5(311)1) 1

1 9-1 1B(an)]
aeR™,r>0 6(1B(a.)n) @ GEamnbore)
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>
o)

Consequently, we have
1 c
00y =l XB01) lwawg o RS G-

In this paper, the letter C was used for
constants that may change from line to line,
while constants with subscripts, such as
Cy, C,, do not change in different lines.

3. RESULTS AND DISCUSSION

First, we reproved sufficient and
necessary conditions for inclusion properties
of Orlicz-Morrey space Mpyo(R™) in the
following theorem.

Teorema 2.1 (Masta et al., 2018) Let
04, 0, be Young functions such that 0, <
0, 071 <0;1,0, € Gg, and 6, € Gg,.
Then the following statements are
equivalent:

(1) 6, < 6,.

(2) My, 0,(R™) € My, o, (R™).

(3) There exists a constant C > 0 such that
Il f ||]v[91’®1(]]§n)§ Clf ||M62'92(]R§n)

for every f € My, o, (R™).

Proof. Assume that (1) holds and let f €
M, 0,(R™). Since ©; < O,, by using similar
arguments in the proof of Corollary 2.3 in
(Masta et al., 2016), we have

I f ||L@1(B(a,r))S Clf ||L®2(B(a,r))
for every B(a,r) € R™.

Knowing that, 07! < 03! and 6; < 0,
(i.e. there exists constant C;,C, > 0 such

that 0O71(t) < (,071(t) and 6,(t) <
C,0,(t) for every t > 0), we obtain
1
07 (=57
I f g, 0, rey: = SUP M"l‘"%lw(a,r»
a€eR™,r>0 91 (|B(a,r)|i)
< sup %E(Tri‘)"f"L@z(B(a,r))
aeR™,r>0 91(\3(11,7)\71)

< su “192_1(|E(z11,r)|)

= T
a€R™Mr>0 61(|B(a,r)|n)

I f Nio,Blary)

p- ISSN 2528-1410 e- ISSN 2527-8045 |
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1,1
CC16207 (G
< sup B

< I
a€eR™,r>0 92(|B(a,r)|%> f Lo, (B(ar)

1= CCLCo 1 f Nlag, o,

This proves that Mjy, o,(R") C

M91,®1 (Rn)'

Next, since (My,q,(R™), My, o, (R™))
is a Banach pair, it follows from Lemma 3.3
that (2) and (3) are equivalent . It thus
remains to show that (3) implies (1).

Assuming that (3) holds. Let 1, > 0 and

adding Lemma 1.3, we have
1

EXCH) <1 Xsore) Iacg, 0, @ = C Il X50r0) Nag, 0, @nm= XSS

Since 1y > 0 is arbitrary, we conclude that
0,(t) < CO,(t) foreveryt > 0.

Now we come to the inclusion property
of weak Orlicz—Morrey spaces wMy, o, (R™)

and wMy, o, (R™) with respect to Young
functions ©,, @, and parameters 84, 0,.

Teorema 2.2 Llet 04,0, be Young
functions such that 0, < 0,, 07! < 05,
01 € Gg, and 0, € Gg,. Then the following
statements are equivalent:

(1) 6, < 09,.
(2) wMy, 0, (R™) € wMpy, o, (R™).
(3) There exists a constant C > 0 such that
Il f ||WM91'®1(RH)S Clf ||W]\/[92’®2([Rn)
for every f € wMy, o, (R™).
Proof. Assume that (1) holds and let f €
wMy, o, (R™). Since ©; <0,, by using

similar arguments in the proof of Theorem
3.3 in Masta et al., 2016, we have

I f lwie, Bamn=< C I f lwie,B(ar)
for every B(a,r) € R™.

Knowing that, 7 < 03* and 6; < 6,
(i.e there exists constant C;,C, > 0 such
that O7%(t) <C;0;1(t) and B,(t) <
C,6,(t) for every t > 0), we obtain
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1
o1 (3
|B(a, )|
1 f |IWM91,91(R"):: sgp 1 I f ||wL91(B(a,r))
a€R™,r>0 6, (lB(a,T)li)
co (Lt
< sup ——E@ny (‘E(“’ri‘) I f Mwie, Bary
a€ER™,r>0 91(\B(a,r)\ﬁ> ?

- Cclegl(m)

< su N f Mwie, ey
aeR™,r>0 91(\B(a,r)\n)

€C1C05 (o
S Sup (|B(|1,T)\)

(DA
aeR™r>0 92(\B(a,r)\%> whe; (B(ar)

1= CCLCo N f oy, o,

This proves that

WM91’@1 (Rn)

WMQZ_GZ (Rn) c

As a corollary of the Open Mapping
Theorem (Appendix G in Grafakos et al.,
2019), we are aware that Chapter |, Lemma
3.3 still holds for quasi-Banach spaces, and
so (2) and (3) are equivalent.

Now, assume that (3) holds. Let 1, > 0.
By Lemma 1.4, we have
Cc

%00 = Xp o) lwacg, o, &= C Il XB(0r) Nlwaeg, 0, = a0

Since 1y > 0 is arbitrary, we conclude that
0,(t) < CO,(t) foreveryt > 0.

For generalized weak Morrey spaces,
we have the following corollary.

Corollary 2.3 Let 1 < p < o, 8; € Gy, and
6, € Gg,. Then the following statements are
equivalent:

(1) 6, < 0,.

(2) w]\/[g’2 (R™) < wMg’l([R{").

(3) There exists a constant C > 0 such that
for every f € wM (R™).

We have shown the sufficient and
necessary conditions for the inclusion
relation between weak Orlicz—Morrey space
WMy o(R™). In the proof of the inclusion
property, we used the norm of characteristic
function on R™. The inclusion properties of

p- ISSN 2528-1410 e- ISSN 2527-8045 |
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weak Orlicz-Morrey space  wMjy o(R™)
(Theorem 2.2) and weak Orlicz—Morrey
space wMy, w(R™) of Sawano-Sugano—
Tanaka’s version (Theorem 3.9 in previous
report (Masta et al., 2018)) generalized the
inclusion properties of weak Morrey spaces
and resulted weak Morrey spaces in
literature (Masta et al., 2017a; 2017b).
Meanwhile, the inclusion properties of weak
Orlicz-Morrey space wLg (R™) of

Nakai’s version (Theorem 3.4 in literature

(Masta et al., 2018) generalized the unique
inclusion properties of weak Orlicz spaces in
other report (Masta et al., 2016).

Comparing Theorem 2.2 and Theorem
3.9 in Masta et al. (2018), we say that the
condition on the Young function for the
inclusion of the weak Orlicz—Morrey space w
My w(R™) is simpler than that for the
weak Orlicz-Morrey space wMjy o (R™).

As a corollary of Lemma 1.2, Theorem
2.1 and Theorem 2.2, we also have the
following inclusion relations
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for®; < 0,, 07! < 0;'and b, < 6;, where
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4. CONCLUSION

This article has discussed the third
version of weak Orlicz—-Morrey space, which
is an enlargement of third version of
(strong) Orlicz—Morrey space. This study also
investigated some properties of the third
version of weak Orlicz—Morrey spaces,
especially the sufficient and necessary
conditions for inclusion relations between
two these spaces. One of the keys to get our
result is to estimate the quasi-norm of
characteristics function of open balls in R™.
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