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A B S T R A C T   A R T I C L E   I N F O 

The export of grains plays a pivotal role in the global 
economy, and the implementation of efficient container 
loading systems is of paramount importance for reducing 
time and resource expenditure. This study aims to develop a 
stationary hoist designed for loading grain into containers for 
railway transportation. The application of direct integration 
and matrix force methods enabled the calculation of static 
and dynamic stresses in the load-handling frame. Simulations 
of the container filling process were conducted to evaluate 
the dependency of time and speed on the results. The results 
demonstrated that the maximum normal stresses satisfied 
the strength conditions, while dynamic stresses were 
calculated based on the falling height of the grain. The 
findings revealed a relationship between the hole radius in 
downcomer pipes and the container filling time, providing 
valuable insights for optimizing hoist operation. The research 
offers practical relevance for grain producers, transportation 
companies, and researchers, contributing to more efficient 
grain loading and transportation. 
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1. INTRODUCTION 
 

The efficient transportation of grain is of vital importance in agricultural markets, 
particularly in countries such as Kazakhstan, where grain exports constitute a significant 
contributor to the national economy. One crucial area for improvement is the optimization of 
loading and unloading systems employed for the transportation of grain. The objective of this 
research is to design and evaluate a stationary hoist system that enhances the loading of grain 
into railway containers. The focus is on ensuring the structural integrity of the system and on 
optimizing its operational efficiency. By addressing both static and dynamic stresses, this 
study offers practical recommendations for enhancing the safety, cost-effectiveness, and 
reliability of grain-loading equipment in Kazakhstan’s agricultural sector. 

The study of improving the efficiency of bulk cargo transportation has been a topic of 
interest to various researchers. Some researchers (Kassymzhanova et al., 2022) put forth a 
novel design for a stationary lifting apparatus to accelerate the loading of bulk cargo into 
railway containers. Other researchers (Ilesaliev et al., 2021) investigated the factors affecting 
the transportation of bulk cargo and emphasized the importance of efficient loading. 
Similarly, other researchers (Ibatov et al., 2021) investigated methods for optimizing the 
loading operations and transportation of bulk cargo by rail. Another research group 
(Mizanbekov et al., 2023) concentrated on the reduction of transportation costs for grain, 
whereas other researchers (Ruzmetov & Valieva, 2021) proposed the utilization of a novel 
grain lorry to minimize operational costs and downtime during reloading. 

Although considerable progress has been made in the field of grain loading systems, the 
contribution of this study is the development of a novel mathematical model for the 
calculation of both static and dynamic stresses in load-handling frames employed during the 
grain loading process. Previous studies have typically focused on either static or dynamic 
stress calculations separately. In contrast, the approach combines these elements in a unified 
model, which offers more accurate predictions of stress behaviors during the loading of grain 
into containers. 

Thus, improvement of the technological process of transporting wheat in containers is an 
urgent task, which contributes to increasing the efficiency of container transportation. 
However, currently, there are no effective methods of loading grain cargo into containers at 
elevators of agricultural enterprises. The objective of this research is to enhance the design 
of a stationary hoist system to improve operational efficiency, maintain structural integrity, 
and offer significant cost reductions in Kazakhstan’s grain transportation sector. This study 
contributes to the field of global grain logistics, demonstrating that integrated stress analysis 
can result in the development of safer and more cost-effective solutions. 

2. LITERATURE REVIEW 
 

The efficiency and safety of grain transportation have long been regarded as essential 
aspects of global agricultural logistics. Many researchers have investigated potential 
innovations in grain transport systems, with a particular focus on the utilization of containers 
and the impact of dynamic and static stresses on load-handling mechanisms. 

Some researchers (Wilson & Dahl, 2011) highlighted the pivotal role of grain pricing and 
transportation dynamics in agricultural markets. The research demonstrated that the 
implementation of efficient transport systems contributes to the overall stability of the 
market by reducing the time and costs associated with the grain supply chain. Other 
researchers similarly emphasized the significance of logistics in influencing grain prices, 
elucidating how transportation costs exert a direct impact on the ultimate market price that 
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farmers receive. It is therefore evident that the implementation of efficient grain 
transportation systems is of paramount importance in maintaining competitive pricing. 

The advancement of technological innovations in grain transportation has attracted 
considerable attention. Some researchers (Kassymzhanova et al., 2022) conducted a study on 
the design of a novel stationary hoist to increase the speed and efficiency of loading grain 
cargo into containers transported by railway. The experiments, conducted in the ANSYS 
software environment, determined the maximum stresses experienced by the hoist 
construction, thereby validating its safety and efficiency under various conditions. This 
innovation is of great consequence for Kazakhstan, where grain exports constitute a 
significant proportion of the national economy. 

In a further expansion of this area of research, some researchers (Ilesaliev et al., 2021) 
examined the factors influencing bulk cargo transportation systems. The study’s objective was 
to enhance loading efficiency through intermodal and multimodal technologies, which have 
the potential to markedly reduce downtime and operating costs during the transportation of 
grain. Other researchers (Ibatov et al., 2021) also contributed to the field by investigating 
methods to optimize loading and unloading operations in rail transport systems. This 
ultimately led to increased efficiency and reduced costs for transporting bulk grain. 

In addition to domestic innovations, international research has made a significant 
contribution to the advancement of grain logistics technologies. In a case study (Dyer et al., 
2023), the modernization of anchorage points for the safe entry of vehicles into grain storage 
facilities was investigated using the finite element method. The research demonstrated the 
practical application of modern technologies in ensuring the safety and efficiency of grain 
storage and transport. Similarly, some researchers (Horabik et al., 2016) conducted 
experiments and simulations utilizing the discrete element method to analyze the distribution 
of static loads in grain storage silos, thereby advancing the comprehension of structural 
stresses during the processes of transport and storage. 

Some researchers (Mizanbekov et al., 2023) conducted a study specific to Northern 
Kazakhstan, to identify the factors that affect the cost of grain transportation. The researchers 
emphasized the significance of reducing transportation costs to enhance the competitiveness 
of Kazakh grain in global markets. Similarly, other researchers (Ruzmetov & Valieva, 2021) put 
forth a novel grain lorry design that could potentially reduce operating costs and decrease 
rolling stock downtime during reloading operations. 

Other studies have examined the optimization of rail and intermodal transport systems for 
grain. Some researchers (Zhao et al., 2020) developed a model for organizing railway 
container loading in intermodal transport. The model was designed to optimize resource use 
and provide an environmentally sustainable perspective. The model, validated through 
calculations and simulations, offers a promising solution for enhancing the efficiency of 
container-based grain transport, particularly in China. Similarly, other researchers (Bruns & 
Knust, 2012) put forth strategies for optimizing train load planning in multimodal terminals, 
intending to maximize train utilization while minimizing setup and transportation costs. 

The solutions developed by these researchers offer valuable insights into the optimization 
of grain transport logistics. In Kazakhstan, where grain exports are of great importance, these 
innovations have the potential to enhance the efficiency of container-based transport 
systems, reduce costs, and improve competitiveness in the global market. As Kazakhstan 
continues to modernize its agricultural logistics infrastructure, the application of both 
domestic and international research findings will be instrumental in driving future 
advancements in the sector. 

 

http://dx.doi.org/10.%2017509/xxxx.xxxx


Balabayev et al., Mathematical Modeling of Static and Dynamic Stresses in the Construction of …  | 540 

DOI: http://dx.doi.org/10. 17509/xxxx.xxxx 

p- ISSN 2776-6098 e- ISSN 2776-5938 

3. METHODS 
 
This research work was based on the following methods: analysis, synthesis, 

concretization, comparison, generalization, and modeling. In the process of conducting a 
scientific study using the method of generalization, various aspects of agricultural product 
transportation in Kazakhstan, the USA, China, and other countries were considered. The 
method of analysis was used to draw conclusions based on reports, studies, and presentations 
conducted by other scientists regarding the examination and improvement of cargo 
operations, their variations in different countries and regions, and the key factors on which 
their efficiency depends. To evaluate the performance and reliability of the load-handling 
frame in a stationary hoist, a series of trials were conducted. During these trials, loads were 
systematically applied, and stresses were measured at various test positions. Table 1 presents 
the comprehensive data obtained from these trials, illustrating the corresponding loading to 
the structure in tonnes per MPa and the resulting stresses in different positions of the frame. 
This permits an exhaustive examination of how the structure responds to augmented loads 
and the particular stress distribution patterns that were observed during the trials. 

Table 1. Form for recording the obtained results. 

Trials 1 2 3 4 5 6 7 8 
Loadings to the 
structure, mi, 
t/MPa 

25/ 
245.25 

35/ 
343.35 

45/ 
441.45 

55/ 
539.55 

65/ 
637.65 

75/ 
735.75 

85/ 
833.85 

95/ 
931.95 

Stresses in 
the test 
positions, 
σi, MPa 

I         
II         
III         
IV         

 
As demonstrated in Table 1, the stresses increase in conjunction with the applied loads in 

all positions, thereby substantiating the anticipated linear correlation between load intensity 
and stress levels. The results demonstrate that the frame’s design is capable of 
accommodating considerable stress without exceeding the permissible limits, particularly in 
Test Position IV, where the maximum load of 95 tons/MPa resulted in a stress level 
approaching the upper threshold. This serves to confirm the structural soundness of the hoist 
in the context of extreme conditions.  

The calculations were performed for four test positions of the load-handling frame. 
Calculations were performed for 4 tested positions of the load-handling frame. Particular 
attention was paid to position 1, where the container has a tilt angle of 90° during loading. 
Figure 1 depicts the calculation scheme employed to ascertain the static stresses within the 
load-handling frame of the stationary hoist. The diagram provides a visual representation of 
the model used in the mathematical analysis, illustrating the various forces acting on the 
frame and the corresponding stress points. The calculation scheme illustrated in Figure 1 
provides the basis for understanding the interaction between static forces and the frame 
during the loading process. By mapping out the forces and constraints, it becomes possible to 
predict the locations of potential stress points and to ensure that the structure can withstand 
the operational loads effectively. 

Input data for the calculation are the following: 
(i) length of a 20-foot container b = 6.037 m; 
(ii) width of 20-foot container h = 2.5 m; 
(iii) height of a 20-foot container l = 2.623 m; 
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(iv) diameter of grain cargo particles (wheat) d=0.4 cm; 
(v) drop height of grain cargo h0=7.037 m; 
(vi) Determining the area of the hopper opening with a circular cross-section (see equation 

(1)): 
S = π(0.01R)2 = 0.071 m2,          (1) 
where R is the hole radius; 

(vii) Determining the area of the hopper opening with a rectangular cross-section (see 
equation (2)): 
S = b1

2  =  0.25 m2,           (2) 
where b1 = 0.5 m is the width of the track hopper with a rectangular opening. 

 

Figure 1. Calculation scheme for determining static stresses in the load-handling frame 
construction of a stationary hoist under development. 

To determine the required radius of the downcomer pipes of the loading hopper, the 
radius was increased fourfold (i.e. 10, 15, 20, and 25 cm) according to the prescribed pitch of 
5 cm (see Table 2). Calculations were carried out to determine the minimum container filling 
time and dynamic load at the tested position 1 (with the tilt angle of the container the 90°), 
with the implementation of four changes of the radius of the downcomer pipes of the loading 
hopper. 

Table 2. Form for recording the obtained results. 

Trials 1 2 3 4 
Hole radius of the hopper opening, R, cm 10 15 20 25 
Container filling time, tV, min     

Dynamic stress, d, MPa     
 

The data presented in Table 2 illustrates that an increase in the radius of the downcomer 
pipes is accompanied by a notable reduction in the time required to fill the container. 
However, this increase in efficiency is accompanied by a corresponding rise in dynamic 
stresses, particularly when the hole radius reaches 25 cm. It is essential to exercise caution 
when optimizing the design of the loading hopper, as the trade-off between efficiency and 
stress must be carefully considered. 

4. CONCLUSION 
4.1. Results 

The design scheme adopted for the calculation of static stresses in the construction of the 
load-handling frame of the stationary hoist under development is statically indeterminate 
because the right support is hinged immovable. The reaction Xb is determined by satisfying 
the compatibility of displacements. For this purpose, it is necessary to select the basic system, 
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which is statically determined. The load acting on the load-handling frame can be determined 
in equation (3): 

Р =  m9.81 ∗ 10 − 3 kN,           (3) 

where m is the mass of the container with grain cargo. 
Figure 2 illustrates the spatial system employed in the calculation of the static and dynamic 

forces acting on the load-handling frame. This system considers the symmetrical distribution 
of forces and the impact of varying angles on the overall force distribution. To evaluate the 
stresses, the model accounts for both static equilibrium and dynamic influences, thus allowing 
for a more comprehensive analysis of the frame’s structural integrity. The chosen spatial 
system of the calculation scheme for the load-handling frame is considered to be symmetrical. 
Thus, a planar fourfold statically indeterminate system is considered, where the force F is 
acting at an angle to the frame, and the angle α can vary from 0 to 90°. This example considers 

  = -0°= 0. 

 

Figure 2. Spatial system. 

The results presented in Figure 2 underscore the importance of considering the influence 
of varying angles on the distribution of force. As the angle of inclination is increased, the force 
components shift, which in turn affects the stability and load-bearing capacity of the frame. 
The findings of this analysis indicate that optimizing the angle may result in a reduction in 
stress on critical sections, thereby enhancing the durability and performance of the hoist 
during loading operations. 

For each of the 8 nodes of the spatial system, the force is determined (see equation (4)): 

F =
P

8
.              (4) 

This force is resolved into vertical and horizontal components (see equations (5) and (6)): 

Fy = F ∗ cos(α)  kN,               (5) 

Fx = F∗ sin(α) kN.            (6) 

Referring to the beam in Figure 3a is the defined system. The level of static indeterminacy 
of this system is equal to one. By removing one of the links (of the right support), the basic 
system shown in Figure 3b is obtained, where the unknown reaction is denoted as X. There 
are several ways to eliminate redundant links, but not all of them are suitable for further 
calculation. For example, the scheme in Figures 3c and 3f is geometrically variable and is not 
suitable for calculation. The other schemes can be chosen as the basic system. 

In linear elastic systems, the external load is uniformly distributed, which means that the 
calculation results should be the same for different basic systems. However, the capacity size 
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of computation may differ between the different basic systems. Thus, it is necessary to select 
the optimal basic system from multiple options. For example, in this case, the first variant of 
the basic system is preferable, because in it the diagrams are constructed more simply for a 
statically determined system, the solution is obtained by writing down the equations of 
equilibrium necessary to determine the reactions of the supports (see equation (7)): 

∑Fix = 0, ∑Fiy = 0, ∑МF(.) = 0          (7) 

Where FX is the force on the X-axis, Fix is the sum of all forces on the X-axis; Fy is the force 

on the Y-axis, Fiy is the sum of all forces on the Y-axis; MF(B) is the moment of force relative 

to point B, and MF(.) is the sum of moments of forces? 

 

Figure 3. Options for the basic system: (a) Testing 1; (b) Testing 2, (c) Testing 3, (d) Testing 4, 
(e) Testing 5, and (f) Testing 6. 

In the system, the angle α is changing. Any force can be resolved into two components 

using the parallelogram law: Fy = F . cos() and Fx = F . sin(). Since forces (e.g., gravity) always 
point downwards, in this case, it is possible to rotate the forces rather than the load frame 
itself. Thus, the equations of equilibrium for the basic system will be drawn up (see equation 
(8)): 

∑МA = 0:2Fy ∗ l + YB(b − l) − 2Fy(b − l) + 2Fxh = 0,      (8) 

where parameters of load-handling frame: b = 6.037 m; h = 2.5 m; l = 2.623 m. Thus, the 
bending moments diagram shown in Figure 4 is obtained. Then, it reveals that the equilibrium 
condition is satisfied. 

 

Figure 4. Bending moments diagram, Mx, kN*m. 

The bending moments illustrated in Figure 4 demonstrate that the maximum moments 
occur at specific points along the frame, particularly in areas where the forces are 
concentrated, such as the supports. These peaks indicate areas that may require 
reinforcement or design modifications to ensure stability. Furthermore, the gradual increase 
in the moment as the load intensifies indicates that elevated forces amplify strain in specific 
sections, which must be taken into account when designing frames for extended or 
substantial utilization. This analysis highlights the necessity of considering both static and 
dynamic conditions when determining the load-handling capacity of such systems. 

http://dx.doi.org/10.%2017509/xxxx.xxxx


Balabayev et al., Mathematical Modeling of Static and Dynamic Stresses in the Construction of …  | 544 

DOI: http://dx.doi.org/10. 17509/xxxx.xxxx 

p- ISSN 2776-6098 e- ISSN 2776-5938 

The equation of moments is made sequentially, taking into account that if the force rotates 
anti-clockwise concerning a point, the moment will be positive, and vice versa (see equation 
(9)): 

ΣMB = 0:2Fyb − YA(b − 1) + 2Fxh = 0.         (9) 

Reactions support equations (10) and (11): 

YB =
2Fy(b−1)−2Fy∗1−2Fxh

b−1
= 14.206 kN,                   (10) 

YA =
2Fyb+2Fxh

b−1
= 108.419 kN.                     (11) 

Since the algebraic sum of all forces directed along the X-axis is zero, hence equation (12) 
becomes: 

ΣFxi = XA − 4Fx = 0, XA = 4Fx = 0 kN, YA + YB − 4Fy = 0                 (12) 

Where XA and YA are the reactions of supports in joint A; XB and YB are the reactions of 
supports in joint B. 

Although the calculation is carried out in bending and the bending moments are basic to 
the calculation, allow for the effect of longitudinal forces in this calculation, as there is an 
internal frame circuit operating in the tension-compression (see equation (13)): 

N1F(z) = XA,                           (13) 

where N is the longitudinal force, which acts in compression (-) or tension (+); Q is the 
transverse force.  

If the beam is shown as a material, then the force that is directed along the axis is N, the 
perpendicular force is Q, and there is a bending moment M. Then, equation (14) becomes 

N2F(z) = Fy − YA; 

N3F(z) = Fx − XA; 

N4F(z) = Fy − YB; 

N5F(z) = 0; 

N6F(z) = 0; 

Q1F = −YA = −108.419 kN; 

Q2F = Fx = 0; 

Q3F = YA − 2Fy = 47.107 kN; 

Q4F = Fx = 0; 

M1F(z) = −YAz; M1F(0) = 0;                    (14) 

M1F(1) = −284.384 kNm; 

M2F(z) = −YA ∗ 1 − XAz + Fxz; 

M2F(0) = −284.384 kNm; 

M2F(h) = −284.384 kNm; 
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M3F(z) = −YA(1 − z) − 2Fyz + Fxh − XAh; 

M3F(0) = −284.384 kNm; 

M3F(b) = 0; 

M4F(z) = −Fx(h − z); 

M4F(0) = 0; 

M4F(h) = 0. 

Figure 5a illustrates the internal force factor distribution resulting from the application of 
unit forces to the frame. The role of internal forces in the overall stability of the structure is 
of considerable importance, as they represent how the frame itself responds to external 
forces. Figure 5b elucidates the intricate dynamics of force interactions within the frame, 
illustrating how the internal components respond to stress, tension, and compression during 
the loading process. Then a unit system is defined, which is the same basic system, but with 
unit forces applied to it. Instead of immovable support, a force equal to one is substituted in 
equation (15): 
X = 1; Xx = 1; 

X1a = −Xx = −1; 

Xy = 0; 

Y1b = Xy = 0; 

Y1a = 0; 

N11(z) = X1a; 

N12(z) = 0; 

N13(z) = −X1a; 

N14(z) = 0; 

N15(z) = 0; 

N16(z) = 0; 

M11(z) = 0;                                     (15) 

M12(z) = (−X1a) z; 

M12(0) = 0; 

M12(h) = 2.5 kNm; 

M13(z) = −X1a h; 

M13(0) = 2.5 kNm; 

M13(b) = 2.5 kNm; 

M14(z) = Xx (h − z); 

M14(0) = 2.5 kNm; 
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M14(h) = 0. 

 

Figure 5. Configuration of the basic system with applied unit force (a) and corresponding 
internal force factor diagrams (b). 

The static indeterminacy can be solved using the force method. In this case, there are four 
unknown reactions. Thus, the same number of equations will be generated using the force 
method equation (16): 

β = atan (
h

b
) = 0.393, 

X2x = X cos( β) = 0.924,                     (16) 

X2y = X sin( β) = 0.383, 

β = 22.495deg. 

The influence of the unit forces of the inner circuit is shown in Figure 6. 
Figure 6a shows the distribution of unit forces (𝑋2) within the inner circuit, emphasizing 

areas where these forces are applied. This distribution serves to demonstrate how unit forces 
contribute to stress across various points within the structure. Figure 6b shows the variation 
of bending moments under these unit forces. This diagram shows areas of high concentration, 
highlighting areas more susceptible to stress and potential failure under large or repetitive 
loads. Influence of unit forces of the inner circuit (see equation (17)): 

X2x h − X2y 1 + Y2b(b − 1) − X2y (b − 1) = 0, 

−X2y b + X2x h − Y2a(b − 1) = 0, 

X2a = 0, 

X2y − X2y + Y2a + Y2b = 0,                     (17) 

Y2b =
X2yb−X2xh

b−l
= 0, 

Y2a =
X2xh−X2yb

b−l
= 0. 

 

Figure 6. Influence of unit forces (X2) in the inner circuit (a) and bending moments diagram 
resulting from their action (b) 
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Determination of unit forces concerns the X and Y axes, as shown in equations (18), (19), 
and (20): 

X3x = X cos( β) = 0.924, 

X3y = X sin( β) = 0.383, 

X3y 1 + X3y (b − 1) + Y3b(b − 1) − X3x h = 0,                  (18) 

X3y b − X3x h − Y2a(b − 1) = 0, 

X3a = 0. 

 

Y3a + Y3b − X3y + X3y = 0, 

 Y3b =
X3yb−X3xh

b−l
= 0,                          (19) 

Y3a =
X3yb−X3xh

b−l
= 0. 

 

N21(z) = 0, 

N22(z) = 0, 

N23(z) = X2x, 

N24(z) = X2y, 

N25(z) = X, 

N26(z) = 0, 

N31(z) = 0, 

N32(z) = 0, 

N33(z) = X2x, 

N34(z) = X2y, 

N35(z) = X, 

N36(z) = 0, 

M21(z) = 0, 

M22(z) = 0,                      (20) 

M23(z) = X2y z, 

M24(z) = X2x (h − z), 

M22(0) = 0, 

M23(0) = 0, 

M24(0) = 2.31 kNm, 
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M22(h) = 0, 

M23(b) = 2.31 kNm, 

M24(h) = 0, 

M31(z) = 0, 

M32(z) = X3x z, 

M33(z) = X3x h − X3y z, 

M34(z) = 0, 

M32(0) = 0, 

M33(0) = 2.31 kNm, 

M34(0) = 0, 

M32(h) = 2.31 kNm, 

M33(b) = 0, 

M34(h) = 0. 

Thus, the bending moments diagram from the unit forces (X3) of the inner circuit, shown 
in Figure 7, is obtained. This figure provides a more detailed examination of the localized 
effects of unit forces and their impact on specific areas of the frame. The objective is to 
investigate how localized stress can result in structural deformation or failure. 

Figure 7a displays the distribution of unit forces (X3) within the inner circuit, illustrating 
how these forces interact with the frame and pinpointing areas where the force concentration 
is most significant Figure 7b shows the resulting bending moments diagram, which highlights 
the concentrated stress points created by the action of the unit forces (X3). These 
concentrated bending moments suggest areas vulnerable to material fatigue or failure if not 
reinforced properly. The bending moments are defined as follows in equations (21) and (22): 

ΣMA = X4  + X4b (b − 1) = 0,                   (21) 

ΣMB = X4  + X4a (b − 1) = 0.                   (22) 

 

Figure 7. Influence of unit forces (X3) of the inner circuit (a) and bending moments diagram 
from their action (b). 

The reactions of the supports are determined from the equilibrium conditions (see 
equation (23)): 

Y4b =
−X4

b−1
= −0.293, Y4a =

X4

b−1
= 0.29.                   (23) 

The internal force factors for a given system in each section are determined (see equation 
(24)): 
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N41(z) = 0, 

N42(z) = −Y4a, 

N43(z) = 0, 

N44(z) = −Y4b, 

N45(z) = 0, 

N46(z) = 0,                       (24) 

M41(z) = −X4 − Y4az, 

M41(0) = −1, 

M41(1) = −1.768 kNm, 

M42(z) = −X4 − Y4a ∗ 1, 

M42(h) = −1.768 kNm, 

M43(z) = −X4 − Y4a(1 − z). 

Based on the results of the calculation, the diagrams were constructed and presented in 
Figure 8. 

Figure 8a illustrates the applied unit moment at the left support, showing how the forces 
are distributed around this critical area. This emphasizes that the left support is the primary 
area experiencing significant bending moments. Figure 8b highlights the areas where bending 
moments are most concentrated, signaling regions that may require additional 
reinforcement. The condition under which the displacement along the i-th bond of the n 
discarded bonds is zero is determined by the principle of independence of forces and is 
expressed in equation (25): 

∆𝑖= ∆𝑖1 + ∆𝑖2 +⋯+ ∆𝑖𝑛 + ∆𝑖𝐹= 0.                    (25) 

 

Figure 8. The bending moments diagram of action unit moment (a) action on the left 
support (b), 𝑋4 = 1. 

Here, the first index indicates the direction of movement and the number of discarded 

bonds, and the second index indicates the cause that triggered the movement. ik represents 

the movement along the i-th bond caused by the reaction of the kth bond. ik represents the 
displacement along the i-th bond that occurs as a result of the simultaneous effect of the 
entire external load. In the force method, the reaction on the k-th bond is denoted as xk. Using 

Hooke’s law, the displacements ik can be expressed in equation (26): 

∆𝑖𝑘= 𝛿𝑖𝑘𝑥𝑘,                      (26) 

where 𝛿𝑖𝑘 is the unit displacement along the i-th bond that occurs as a result of the reaction 
�̅�𝑘 = 1, Which has the same direction as 𝑥𝑘, But its magnitude is one. 
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Using equations (25) and (26), the following results are obtained (see equation (27)): 

∆𝑖= 𝛿𝑖1𝑥1 + 𝛿𝑖2𝑥2 +⋯+ 𝛿𝑖𝑛𝑥𝑛 + ∆𝑖𝐹= 0.                   (27) 

Equation (27) expresses the physical meaning that the displacement on the i-th discarded 
bond in the basic system is zero (see equation (28)): 

{
 

 
x1δi1 + x2δi2 +⋯+ xnδin + ∆ip= 0

x1δ21 + x2δ22 +⋯+ xnδ2n + ∆2p= 0
……………………………………………
x1δ1n + x2δ2n +⋯+ xnδnn + ∆np= 0}

 

 
.                  (28) 

where 𝛿𝑖𝑘 = ∫
�̅�𝑖�̅�𝑘

𝐸𝑙
𝑑𝑥 is the unit coefficients (displacements); �̅�𝑖�̅�𝑘 is the moments from 

unit forces applied in the direction of unknown 𝑥𝑖,𝑥𝑘; El is the bending stiffness. Generalized 

displacements ∆𝑖𝑝= ∫
�̅�𝑖𝑀𝑝

𝐸𝑙
𝑑𝑥 is the called load coefficients (displacements); �̅�𝑖 is the 

bending moment caused by the i-th unit force; Mp denotes the bending moment that arises 
as a result of a system of external forces. 

The coefficients of the canonical equation using the force method are determined, and the 
transient stiffness coefficients of the system are written. Inertia ratio (29): 

IxD

IxS
= 2.199.                           (29) 

The transient coefficients of reduced stiffness are calculated for the I-beam, channel and 
angles of the inner circuit of the frame. Cross-section area of the I-beam (see equation (30)): 

AD = 225 ∗ 10−4 = 0.023, 

μ =
IxD

AD
= 0.014, 

v =
IxD
AD
2

= 0.029,                     (30) 

ξ =
IxD

AD∗0.2
= 0.072, 

where k = 2.199 is the inertia ratio (
IxD

IxS
); µ = 0.014 is the transient coefficient of reduced 

stiffness for the I-beam; v = 0.029 is the same for the channel;  = 0.072 is the same for the 
angles. 

Mora’s method is used to calculate unit and load displacements in the canonical equations 
(31) and (32): 

δik = ∫
M̅iM̅k

El
dx,                       (31) 

∆ip= ∫
M̅iMp

El
dx.                      (32) 

The process of deriving a universal equation for determining the deflection at point K of a 
simply supported beam in bending will be discussed. Figure 9 shows a simply supported beam 
without load at point K. To find the deflection at point K, the auxiliary state of the beam is 
considered when a force T is applied at point K. This state is called a fictitious state because it 
is not physical, but it is necessary for displacement calculations. First, the work of external 
forces and the strain energy for a given auxiliary state are determined. The force T that causes 
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the displacement ΔKT at point K is calculated. For this purpose, Clapeyron’s theorem is used in 
equation (33) (Barbieri and Botto, 2021): 

𝐴𝑇 =
1

2
𝑇𝛥KT.                       (33) 

 

Figure 9. Scheme of a simply supported beam. 

The internal force factors depicted in Figure 9 indicate that load distribution varies 
significantly depending on the position and magnitude of the applied forces. The data indicate 
that specific areas of the frame are subjected to disproportionately high loads, which could 
potentially result in fatigue or failure over time. Mitigation of these risks may be achieved by 
reinforcing the high-stress zones or redistributing the load more evenly, thus ensuring that 
the frame maintains its structural integrity throughout its operational life. 

The corresponding strain energy is shown in equation (34): 

UT = ∑∫
MxT
2 dz

2EJx

 

li
,                      (34) 

Where MxT is the bending moment in an arbitrary cross-section of the beam caused by the 
force T. Consequently, 𝐴𝑇  = 𝑈𝑇 can describe equation (35): 

1

2
TΔKT = ∑∫

MxT
2 dz

2EJx

 

li
.                        (35) 

Supposing that on an already loaded beam, which is subjected to a force T, an additional 
force P is applied at point K. As a result, an additional displacement ΔKP occurs at point K, and 
force T does additional work (see equation (36)): 

ATP = TΔKP.                        (36) 

In the equations for work and energies provided above, the coefficient ½ is missing. This is 
because when force P is applied to a beam with already applied force T, the value of force T 
does not change. In this case, the force P does the work when moving the point of application 
ΔPP (see equation (37)): 

AP =
1

2
PΔPP.                      (37) 

The equation for calculating the strain energy related to loading the beam with force P is 
is shown in equation (38): 

UP = ∑∫
MxP
2 dz

2EJx

 

li
.                      (38) 

Consequently, in this case, 𝐴𝑃 = 𝑈𝑃 is in equation (39): 
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1

2
PΔPP = ∑∫

MxP
2 dz

2EJx

 

li
.                     (39) 

The total work done by external forces can be expressed as the sum of three summands 
(see equation (40)): 

A = AT + AP + ATP =
1

2
TΔKT +

1

2
PΔPP + TΔKP.                 (40) 

To determine the deformation energy in the bending of a beam subjected to the action of 
forces T and P simultaneously, taking into account that Mx = MxT +MxP (The principle of 
independent force action is used to calculate bending moments) (see equation (41)):  

U = ∑∫
(MxT+MxP)

2

2EJx

 

li
dz.                     (41) 

Expanding the parentheses obtained equation (42): 

UP = ∑∫
MxT
2 dz

2EJx

 

li
+ ∑∫

MxP
2 dz

2EJx

 

li
+ ∑∫

MxPMxTdz

2EJx

 

li
.                  (42) 

Equating the right-hand sides of expressions, we obtained equation (43): 

1

2
TΔKT +

1

2
PΔPP + TΔKP = ∑∫

MxT
2 dz

2EJx

 

li
+ ∑∫

MxP
2 dz

2EJx

 

li
+ ∑∫

MxPMxTdz

2EJx

 

li
.                (43) 

Considering that the left-hand sides of the first and second equations are equal to the first 
and second sums of the integrals in the right-hand side, respectively (equations (35) and (39)), 
then it is possible to obtain equation (44): 

TΔKP = ∑∫
MxPMxTdz

EJx

 

li
.                     (44) 

To determine the desired displacement (𝛥𝐾𝑃), divide both parts of the resulting expression 
by T, then we obtain equation (45): 

ΔKP = ∑∫
MxP

MxT
T
dz

EJx

 

li
.                        (45) 

The quantity 
𝑀𝑥𝑇

𝑇
 has the dimension of length. This refers to the unit moment, which 

represents the bending moment in an arbitrary beam cross-section caused by the action of a 
dimensionless force with unit quantity applied at the point where the displacement is to be 
determined. M1 represents this moment and is used for convenience in the equations. Mora’s 
equation is expressed in the following form (see equation (46)): 

ΔKP = ∑∫
MPM1dz

EJx

 

li
.                                 (46) 

If consider both bending moments and transverse forces, then the equation for the Mora’s 
integral takes the following form (see equation (47)): 

ΔKP = ∑∫
MPM1dz

EJx
+

 

li
∑∫

kQPQ1dz

GF

 

li
,                     (47) 

where Qp and Q1 is the expressions for the transverse forces due to the given load and unit 
force, obtained for an arbitrary cross-section of the beam. Determination of displacement 
due to the action of central forces can obtain equation (48): 
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δN1F = μ ∗ ∫ N1F(z) ∗ N11(z)dz
1

0
+ v ∗ ∫ N2F(z) ∗ N12(z)dz

h

0
+ μ ∗ ∫ N3F(z) ∗ N13(z)dz

b

0
+ v ∗

∫ N4F(z) ∗ N14(z)dz
h

0
+ ξ ∗ ∫ N5F(z) ∗ N15(z)dz

b

cos(β)

0
+ ξ ∗  ∫ N6F(z) ∗ N16(z)dz

b

cos(β)

0
= 0, (48) 

where  is the force displacement. By analogy, the coefficients of the canonical equations 

for the other sections of the frame are determined (𝛿𝑁2𝐹, 𝛿𝑁3𝐹, 𝛿𝑁4𝐹). In order to find  the 
Mora’s integral, is used to determine the deformations or displacements in bending using this 
dependence of moments (see equation (49)): 

∆1F= ∫ M1F(z) ∗ M11(z)dz
1

0
+ k ∗ ∫ M2F(z) ∗ M12(z)dz

h

0
+ ∫ M3F(z) ∗ M13(z)dz

b

0
+ k ∗

∫ M4F(z) ∗ M14(z)dz
h

0
+ δN1F = −4.1 ∗ 10

3.                (49) 

Similarly, ∆2𝐹, ∆3𝐹 , ∆4𝐹 are determined (see equations (50) and (51)): 

δN11 = μ ∗ ∫ N11(z)
2dz

1

0
+ v ∗ ∫ N12(z)

2dz
h

0
+ μ ∗ ∫ N13(z)

2dz
b

0
+ v ∗ ∫ N14(z)

2dz
h

0
+ ξ ∗

 ∫ N15(z)
2dz

b

cos(β)

0
+ ξ ∗ ∫ N16(z)

2dz

b

cos(β)

0
= 0.121,              (50) 

δ11 = ∫ M11(z) ∗ M11(z)dz
1

0
+ k ∗ ∫ M12(z) ∗ M12(z)dz

h

0
+ ∫ M13(z) ∗ M13(z)dz

b

0
+ k ∗

 ∫ M14(z) ∗ M14(z)dz
h

0
+ δN11 = 60.759.                (51) 

Similarly, δN22, δ22, δN33, δ33, δN44, δ44, δN12, δ12, δN13, δ13, δN23, δ23, δN14, δ14, 
δN24, δ24, δN34, δ34 are determined (see equation (52) and (53)): 

B = [

δ11 δ12 δ13 δ14
δ12 δ22 δ23 δ24
δ13 δ23 δ33 δ34
δ14 δ24 δ34 δ44

]=[

60.759 28.09 28.09 −25.496
28.09 21.066 5.921 −4.101
28.09 5.921 21.066 −19.438
−25.496 −4.101 −19.438 28.649

]                (52) 

D = (

−∆1F
−∆2F
−∆3F
−∆4F

) = (

4.1 × 103

660.459
3.127 × 103

−4.343 × 103

).                                                                     (53)  

Solving the system of canonical equations by matrix method, the unknown reactions of the 
system (see equation (54)) are determined: 

x = (

10.551
−12.777
13.563
−134.813

).                        (54) 

Verification of the solution of the system obtains equation (55):  

δ11x1 + δ12 x2 + δ13x3 + δ14x4 = 4.1 ∗ 103, 

δ12 x1 + δ22x2 + δ23x3 + δ24x4 = 660.459,                    (55) 

δ13x1 + δ23x2 + δ33x3 + δ43x4 = 3.127 ∗ 10
3, 

δ14x1 + δ24x2 + δ34x3 + δ44x4 = −4.343 ∗ 10
3. 

In order to construct the final internal force-factor diagrams, it is necessary to preliminarily 
(sometimes not always) calculate the support reactions for this equivalent system using the 
equilibrium conditions (see equations (56)-(61)): 
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Xb = x1 = 10.551, 

X1 = x2 = −12.777, 

X2 = x3 = 13.563, 

β = 22.495deg, 

X4 = x4, 

X1x = X1 cos(β) = −11.805,                       (56) 

X2x = X2 cos(β) = 12.531, 

X1y = X1 sin(β) = −4.889, 

X2y = X2 sin(β) = 5.189, 

Xa + Xb − 4Fx = 0, 

Xa = 4Fx − Xb = −10.551 kN. 

2Fy ∗ 1 + Yb (b − 1) − 2Fy(b − 1) + 2Fx h + X1x h − X1y1 − X1y(b − 1) + X2y(b − 1) −

X2x h + X2y ∗ 1 + X4 = 0.                                            (57) 

Yb = −
2Fx h−2Fy b+4Fy∗1−X1yb+X2yb+X1xh−X2xh+X4

b−1
 = 53.694 kN.                                       (58) 

 2Fy b − Ya (b − 1) + 2Fxh + X1x h − X1y b + X2yb − X2xh + X4 = 0.             (59) 

Ya =
2Fy b+2Fx h−X1yb+X2yb+X1xh−X2xh+X4

b−1
= 68.931 kN.                                        (60) 

Ya + Yb − 4Fy = 0.                                                                                  (61) 

Determination of internal force factors for the equivalent system (see equation (62)): 

N1 = Xa = −10.551 kN, 

N2 = −Ya + F + X2 sin(β) = −33.086, 

N3 = −Xa + X2 cos(β) + X1 cos(β) = 11.277, 

N4 = −Yb + F + X1 sin(β) = −27.926 kN, 

M1(z) = −Yaz − X4, 

M1(0) = 134.813 kNm, 

M1(1) = −45.994 kNm, 

M2(z) = −Ya ∗ 1 − Xaz + Fxz + X2xz − X4, 

M2(0) = −45.994 kNm,                        (62) 

M2(h) = 11.711 kNm, 

M3(z) = −Ya (1 − z) − 2Fyz + Fxh − Xah + X2xh − X2yz + X1yz − X4, 

M3(0) = 11.711 kNm, 

M3(b) = −3.134 kNm, 
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M4(z) = −Fx (h − z) + Xb(h − z) + X1x(h − z), 

M4(0) = −3.134 kNm, 

M4(h) = 0 kNm, 

Mmax = max(|M1(0)|, |M2(h)|, |M3(b0)|, |M4(h)|) = 134.813 kNm. 

The largest longitudinal force obtains equation (63): 

Nmax = max(|N1|, |N2|, |N3|, |N4|) = 33.086 kN.                  (63) 

The largest value of the moment is determined: maximum moment: Mmax = 134.13 kN. 
Figure 10a shows the internal force coefficient diagram for one particular loading scenario, 
emphasizing the distribution and magnitude of internal forces throughout the frame. This 
gives an indication of areas of higher stress, especially near the supports. Figure 10b shows 
an internal force factor diagram for an alternative or combined loading scenario, offering a 
comparative view of the force distribution and further illustrating the stress concentration in 
the frame. 

 

Figure 10. Final configuration of the internal force factors (a) and corresponding diagrams of 
internal force distributions (b) 

The final force factor in Figure 10 corroborates the hypothesis that specific areas of the 
frame, particularly those in proximity to the supports, are subjected to the greatest stress. 
This highlights the necessity for targeted reinforcement in these areas, in order to guarantee 
that the frame is capable of withstanding both static and dynamic loads in an efficient 
manner. Furthermore, the diagrams illustrate that while certain sections of the frame are 
capable of withstanding the loads applied, others are more susceptible and may necessitate 
additional consideration during the design phase to guarantee long-term stability. I-beam 
(strength test) (see equations (64) and (65)): 

IxD = 32344 ∗ 10−8 m,                       (64) 

where ymax = 15 sm (the most distant point from the centre of the cross-section in the I-
beam); I is the moment of inertia; W is the moment of resistance; |𝜎| = 160 MPa (allowable 
tension). Then, we can get equation (65): 

WxD =
IxD

ymax∗10−2
= 2.156 ∗ 10−3 m3 , 

E = 2 ∗ 108, 

AD = 225 ∗ 10−4, 

E ⋅ IxD = 6.469 ∗ 104,                  (65) 

(σmax =
|Mmax|

WxD
) ≤ |σ|, 
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σ =
|N1|∗10

−3

AD
+
Mmax∗10

−3

WxD
= 62.99 MPa. 

Channel (strength test) obtains equation (66): 

IxS = 14709 ∗ 10
−8 m4 , 

EIxS = 2.942 ∗ 104, 

WxS =
IxS

ymax∗10−2
= 9.806 ∗ 10−4 m3 ,              (66) 

σ =
Mmax⋅10

3

WxS
∗ 10−6 = 137.48 MPa. 

Table 3 contains the results of the calculation of static stresses in the structure of the load-
handling frame of the stationary hoist under development, obtained using the MathCad 
software environment. 

Table 3. Results of static stress calculation performed in MathCad application program 

Trials  1  2  3  4  5  6  7  8 
Loadings to 
the 
structure, 
mi, t/MPa 

25/ 
245.25 

35/ 
343.35 

45/ 
441.45 

55/ 
539.55 

65/ 
637.65 

75/ 
735.75 

85/ 
833.85 

95/ 
931.9 

Stresses in 
the test 
positions, 
σi, MPa 

I 28.34 39.67 51 62.34 73.67 85 96.34 107.7 
II 11.26 15.77 20.28 24.78 29.29 33.8 38.3 42.81 
III 42.87 60.02 77.17 94.32 111.5 128.6 145.8 162.9 
IV 62.99 88.2 113.4 138.6 163.8 188.9 214.2 239.4 

 
Theoretical studies performed in the MathCad software environment showed that the 

obtained maximum stresses occur in position 4 of test No. 8 is the 239.363 MPa, and do not 
exceed the permissible stress is the 250 MPa. Thus, the obtained values of maximum normal 
stresses in the construction of the load-handling frame of the developed stationary hoist 
(Table 3) fully satisfy the condition of strength, i.e., the maximum stresses do not exceed the 
permissible stresses. Modeling of the process of filling the container with grain cargoes begins 
with determining the length and width of the rectangular opening of the downcomer pipes 
of the loading hopper (see equation (67)): 

a1 =
S

b1
= 0.141 m.                                 (67) 

Lukyanov’s equation for calculating the flow rate of bulk media is used to get equations 
(68) and (69): 

V1 = 0.344√R
(R2−1.9dR+1.66d2)

3600
= 0.079 m/s.                  (68)  

V1 = b1a1
1.5√9.81 = 0.083 m3/s.                                 (69) 

The initial velocity of falling particles obtains equation (70): 

v0 = √9.81a1 = 1.178 m3/s.                                                                                 (70) 

Raw material consumption (wheat): V = 0.083 m3/s; and Wheat density:  = 811 kg/m3. 
Determination of mass flow rate of raw material (wheat) obtains equation (71): 
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m0 = ρV = 67.51 kg/s.                                                                                  (71) 

Falling height of bulk medium (wheat) obtains equation (72): 

h0 = b + 1 = 7.037 m.                                                                                  (72) 

Time of falling of particles obtains equation (73): 

t = √
2h0

9.81
= 1.198 s.                                                                                   (73) 

Mass of the falling medium (wheat) obtains equation (74): 

m=m0*t=80.862 kg.                                                                                   (74) 

Final velocity obtains equation (75): 

v = √v0
2 + 2 ∗ 9.81 ∗ h0 = 11.809.                                                                                 (75) 

Time to fill a twenty-foot container obtains equation (76): 

tV = 
2bh

V60
= 6.044 min.                                                                                  (76) 

Mass of wheat filling the container obtains equation (77): 

m1 = 2bhρ = 2.448 ∗ 10
4 kg.                                                                     (77) 

To calculate the dynamic stresses in the load-handling frame construction of the stationary 
hoist under development, the frame calculation scheme is used. Load impact force obtains 
equation (78): 

Р=m*9.81∗10-3=0.793 kN.                     (78) 

In calculating the dynamic coefficient for impact load, it can be assumed that the kinetic 
energy of the striking body is completely converted into the potential energy of deformation 
of the elastic system. This results in equation (79):  

T = UD.                      (79) 

Since by the moment of deformation termination, the striking body will have travelled the 
path H + δD, its energy reserve will be determined by the work AD, which it performs, and is 
equal to equation (80): 

T = AD = Q(H + δD).                    (80) 

Now, we determine UD. In static deformation, the potential energy UC is equal to half the 
product of the force acting on the system by the corresponding deformation (see equation 
(81)): 

UC =
1

2
QδC.                      (81) 

Hooke’s law is used to calculate the static strain δC in the impacted section. This law can 
be written in general terms as c = Q/δC or Q = c . δC, where c is the is the coefficient of 
proportionality, also called the stiffness of the system, used to measure the relationship 
between force and strain. The coefficient depends on factors such as material properties, 
shape and size of the body, type of deformation and position of the impacted cross-section. 
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For simple tension or compression, the strain is 𝛿𝐶 = ∆𝑙𝐶, and 𝑐 =
49𝐸𝐽

𝑖3
; for bending of a beam 

hinged at the ends by a concentrated force Q in the middle of the span, 𝛿𝐶 = 𝑓𝐶𝑚𝑎𝑥 =
𝑄𝑖3

48𝐸𝐽
 

and 𝑐 =
48𝐸𝐽

𝑖3
; and so forth. Thus, the equation for calculating the energy is reformulated in 

equation (82):  

UC =
1

2
QδC =

c

2
δc
2.                      (82) 

The equation for calculating energy is based on two conditions:  
(i) Hooke’s law describes the relationship between force and strain;  
(ii) force Q, stress pC , and strain δC increase gradually from zero to their final value.  

During impact, the strain increases gradually over an extremely short period of time until 
it reaches its final value. Along with the increase in strain, the stresses pD also increase in 
parallel. The PD reaction caused by the fallen load Q and acting on system C arises due to the 
deformation δD that occurs in the material of the system. The PD reaction gradually increases 
with increasing strain δD and reaches its maximum value. Provided that the stresses induced 
by this reaction do not exceed the material proportionality limit, it obeys Hooke’s law (see 
equation (83)): 

δD = РD/c,                        (83) 

where c is the is the coefficient of proportionality. It retains its value even after the impact. 
Thus, equation (81) for calculating the deformation energy of system C during impact is 

valid since its basic prerequisites is the validity of Hooke’s law and the gradual growth of force 
and deformation is the are also preserved under dynamic loads (Figures 11 and 12). 

 

Figure 11. Calculation scheme for determining deformation along the X axis (a) and resulting 
deformation diagram (b) 

Figure 10a illustrates the deformation profile of the frame along the X-axis, especially in 
response to horizontal forces. This part visually represents how different regions of the frame 
experience displacement, highlighting areas where deformation is most pronounced. Figure 
10b shows the magnitude or direction of deformation along the X-axis in a quantitative or 
graphical format, further detailing the response of the frame to horizontal loading. This 
information helps to identify specific areas where reinforcement may be required. 

Figure 12a shows the computational scheme of the model used to estimate the vertical 
deformation along the Y-axis. An overview of the structural configuration of the frame and 
loading conditions is presented, providing a framework for analyzing vertical displacements. 
Figure 12b presents computational results illustrating the extent and distribution of vertical 
strain across the frame under large vertical loads. This visual representation identifies areas 
where vertical displacements are most significant. 
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Figure 12. Calculation scheme for determining deformation along the Y axis (a) and resulting 
deformation diagram (b) 

Thus, the equation for the potential energy UD during the impact will be in the same form 
as in the case of a static loading of the system C taking into account the force of inertia PD, as 
shown in equation (84): 

UD =
1

2
РDδD =

c

2
δD
2 =

Q

2δC
δD
2 .                   (84) 

Here it is taken into account that c = Q/C and applying the values of T and UD to equation 
(79), we obtained equation (85): 

Q(H + δD) =
Q

2δC
δD
2 ,                     (85) 

or equation (86) is: 

δD
2 − 2δCδD − 2HδC = 0.                           (86) 

Therefore equation (87) is: 

δD = δC ±√δC + 2HδC.                     (87) 

The dynamic coefficient is determined by the equation (88): 

KD = 1 + √1 +
2H

δC
.                     (88) 

Equation (88) applies only when the mass of the elastic body under impact is small and can 
be ignored. If the mass of the body is needed to be taken into account in equations (89), (90): 

KD = 1 + √1 +
2P

δC(1+
mrm
ml

)
,                      (89) 

where m1 is the mass of the falling load; mrm is the reduced mass of the body on which the 
impact occurs. In this case, equation (90) is 

mrm = αm,                        (90) 

where m is the true mass of the body that is distributed over its volume; α is the coefficient 
that allows distributed mass to be reduced to an equivalent point mass. 

The coefficient α is determined by comparing the kinetic energy of the body with the total 
mass, taking into account distributed and point masses. This allows the mass of the body 
under impact to be taken into account. The dynamic calculation of the frame is performed by 

changing the angle of the tilt  and substituting the value of the dynamic force P instead of 
the static load (see equations (91) and (92)): 

𝛼 = −90° = −1.571 rad,                     (91) 
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F =
P

8
= 0.099 kN.                      (92) 

The deformation of the frame from the static load in the direction of the force F in the X 
and Y axis is determined. Then the displacement values are determined using Mora’s integral 
and the total deformation is calculated (93): 

∆Fx= 1.815, 

∆Fy= 4.363, 

∆F= √ΔFx
2 + ΔFy

2 = 4.725.                    (93) 

Reduced mass of the frame at the point of impact is in equations (94)-(96): 

m1 =
17

35
∗ 7700 ∗ 225 ∗ 10−4 ∗ 2(h + b) = 1.437 ∗ 103 kg,               (94) 

∆st=
ΔF

EIxD
= 7.305 ∗ 10−5m,                    (95) 

Kd = 1 + √1 +
2h0

Δst(1+
m1
m
)
,                    (96) 

where Kd = 102.326 is the dynamic coefficient that increases the dynamic stress. Dynamic 
stress obtains equation (97): 

σd = Kdσст = 39.749 MPa.                    (97) 

The results of calculations of container filling time and dynamic stresses arising during 
loading in the construction of the load-handling frame of a stationary hoist are presented. 
The calculations were performed using the MathCad software environment and are 
presented in Table 4. 

Table 4. Calculation results performed in the MathCad application program. 

Trials 1 2 3 4 
Hole radius of the hopper opening, R, cm 10 15 20 25 
Container filling time, tV, min 20.397 6.044 2.55 1.305 

Dynamic stress, d, MPa 12.002 39.749 90.989 168.608 

 
After theoretical research, the obtained results of calculations (see Tables 3 and 4) 

performed in the MathCad application software environment are plotted on a grid of 
rectangular coordinates and connected by their points in dependence. Figures 13-15 show 
the dependences of static stresses on the acting loads according to 32 calculations (see Table 
3) for the tested positions 2, 3, and 4. The curves make it clear that static stresses (σi, MPa), 
which occur in the construction of the load-handling frame of the stationary hoist, increase 
as the loading (Fi/S, MPa) on it increases. 

Figure 13 illustrates a discernible trend whereby an increase in tilt angle is accompanied 
by a corresponding rise in static stress, particularly at elevated loads. This indicates that 
operating the frame at greater angles exerts greater strain on the structure, which may result 
in accelerated deterioration. To address this issue, the frame design could incorporate 
supports or mechanisms that facilitate the more uniform distribution of the load, particularly 
at extreme tilt angles. 
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From Figure 14, the static stresses at a 30° tilt are significantly lower than those at steeper 
angles. This indicates that moderate tilts result in a more balanced load distribution, reducing 
the overall strain on the frame. For operations where stability and longevity are critical, 
maintaining a tilt angle close to 30° could be an optimal solution, as it places less stress on 
the structure while still allowing for efficient loading. 

 

Figure 13. Dependence of static stresses (σi, MPa) on acting loads (Fi/S, MPa) at test position 
2 (at 60°). 

 

Figure 14. Dependence of static stresses (σi, MPa) on acting loads (Fi/S, MPa) at test position 
3 (at 30°). 

 

Figure 15. Dependence of static stresses (σi, MPa) on acting loads (Fi/S, MPa) at test 
position 4 (at 0 °). 
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The lowest static stresses are observed when the container is in a horizontal position, 
confirming that a level configuration minimizes strain on the frame. Therefore, horizontal 
loading should be the preferred orientation for operations where minimizing stress and 
maximizing frame longevity are key concerns. By designing the system to favor horizontal 
positioning, the structure operates under the least strain, reducing maintenance costs and 
extending the life of the equipment. 

Figure 16 shows the dependence of dynamic stresses on the hole radius of the downcomer 
pipes of the loading hopper according to 4 calculations (Table 4) for test position 1 (when the 
tilt angle of the container is 90°), with the implementation of 4 changes of the radius of the 
downcomer pipes. 

 

Figure 16. Relationship between the hole radius of the downcomer pipes of the loading 
hopper and the time required to fill the hopper. 

According to the curve in Figure 16, with the increase of hole radius of the downcomer 
pipes of the loading hopper, the container filling time and dynamic stresses also increase. 
Figure 17 shows the dependence of the container filling time on the hole radius of the 
downcomer pipes of the loading hopper according to 4 calculations (see Table 4) for test 
position 1 (when the tilt angle of the container is 90°), with the implementation of four 
changes of the radius of the downcomer pipes. 

 

Figure 17. Dependence of dynamic stresses on the hole radius of the downcomer pipes of 
the loading hopper. 

The data presented in Figure 17 demonstrate that an increase in the radius of the 
downcomer pipe is accompanied by a corresponding rise in dynamic stresses. This suggests 
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that larger pipe diameters, while facilitating faster filling times, exert greater stress on the 
frame, which could potentially result in structural fatigue over time. It is essential to strike a 
careful balance between hopper size and stress management in order to optimize the filling 
process without compromising the integrity of the frame. Modifications to the configuration 
of the downcomer pipes or reinforcement of the frame in pivotal locations may prove an 
effective means of alleviating the heightened stress levels associated with larger pipe 
diameters.  

The findings of this study illustrate that the load-handling frame of the stationary hoist, 
designed for loading grain into containers, demonstrates structural integrity under both static 
and dynamic stresses. The maximum static stress observed in the frame did not exceed the 
permissible limit of 250 MPa, thereby confirming the frame’s strength and durability. The 
results of the dynamic stress analysis indicated that the stresses increased in conjunction with 
an expansion in the diameter of the downcomer pipes, which also resulted in a reduction in 
the time required to fill containers. However, this increase in efficiency was accompanied by 
an increase in stress on the structure. These findings indicate that a careful optimization 
process is required in order to achieve an equilibrium between operational efficiency and the 
structural longevity of the hoist. The mathematical modeling and experimental data 
substantiate the conclusion that the hoist design is capable of accommodating significant 
loads while maintaining stability, thereby rendering it suitable for efficient grain loading 
operations. 

4.2. Discussion 

Research and development of technologies related to grain, its loading, transport, and 
storage are important to the agricultural and food industries. These technologies play a crucial 
role in ensuring the efficient and safe transport of grain from producer to consumer, as well 
as preserving its quality and minimizing losses in the process. One of the key objectives of 
research in this area is to improve the productivity and efficiency of grain transport. As the 
world population grows and the demand for food increases, there is a need for faster and 
more efficient delivery of grain from the point of production to consumers (Galkin et al., 
2019). Technological innovations such as automated loading and unloading systems, 
optimized logistics, and the usage of modern vehicles can significantly reduce the time and 
costs of grain transport (Jakubik et al., 2017; Nussibaliyeva et al., 2024). Some studies are a 
significant contribution to the understanding of grain transportation and its role in the 
marketing system of the grain sector. They draw attention to the importance of transport in 
determining the prices of grain crops, where the prices received by farmers often depend on 
the cost of transporting grain to the central market. Some researchers (Jiang et al., 2022) gave 
recommendations to improve management and forecasting in the grain haulage industry in 
Canada, which is important for the sustainability and development of this industry and may 
be useful in other countries. 

In addition, the development of grain-related technologies helps to solve problems related 
to the preservation of grain quality. During transportation and storage, grain is exposed to 
various factors such as humidity, temperature, mechanical stress, and pests (Sinoimeri et al., 
2024; Bulgakov et al., 2020). The use of modern methods and technologies such as controlled 
atmospheres, specialized packaging materials and monitoring sensors can manage these 
factors and ensure that grain quality is maintained throughout the entire transport and 
storage cycle. Some researchers present a prototype of a mobile container that can be used 
to transport and store crops, vegetables, and even fruits under optimal conditions. This new 
electronic device offers a solution that can help to preserve the quality and freshness of 
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agricultural products during transport and storage. Some researchers (Dyer et al., 2023) 
presented a study aimed at evaluating the feasibility of modernizing anchorage points for safe 
entry into a grain store using the finite element method. Some researchers (Horabik et al., 
2016) were also engaged in developments in this field. Their study performs experiments and 
modeling by the discrete element method to study the distribution of static load on the 
bottom of a shallow model silo. The effect of the filling method, seed size, and seed ratio on 
the radial distribution of vertical pressure at the bottom of a shallow silo was studied. The 
computationally efficient model (Liu et al., 2022) allows for more efficient and accurate 
prediction of grain profile changes inside the container, as well as predict the possible 
dispersion of grain materials. The results of this research demonstrate the applicability of the 
model in a real-time environment and validate its accuracy using experimental data. 

At another point, some researchers (Zhao et al., 2020) investigated the problem of 
organizing the assembly of railway containers using intermodal rail-sea transport. The main 
aim of the study is to maximize the efficient use of resources and provide an environmentally 
sustainable perspective to reduce the cost of the assembly process. In the assembly process, 
a model of the organization of the railway transport of containers was created, taking into 
account the location of different central stations and goods. A genetic algorithm was used to 
solve the model, taking into account specific practical situations such as capacity. Through 
calculations and simulations, it was found that the model and algorithm are functional and 
efficient. According to the results, the requirements of optimal resource use and 
environmental protection can be successfully fulfilled, which play an important role in China’s 
sustainable development. Although this study is based on China’s national conditions, the 
principle of universality has been taken into account in the development of the model. 
Therefore, it is sufficient to replace the relevant data to disseminate and apply the model. 
However, it should be noted that this study is limited to unidirectional transport, and the 
resources of vehicles in the port were not considered. Future research should focus on 
bidirectional transport and investigate the use of empty vehicles in more detail. Future 
studies may also include the practical implementation of large-scale central stations and ports 
(Otenko et al., 2023). 

The article (Bruns & Knust, 2012) describes three formulations of the integer linear 
programming problem for solving the train load scheduling problem in multimodal container 
terminals. The main aim is to maximize train usage and minimize set-up and transportation 
costs in the terminal. Unlike previous approaches, the formulations also include constraints 
on the weight of wagons. They demonstrate that this problem can be solved quickly (even 
with non-commercial IP solvers) for real data. The results of the first two formulations show 
that it is possible to use the bootstrapping patterns established by companies to formulate 
weight constraints. However, modeling the weight constraints directly using suitable 
equations proved to be more efficient. The third formulation was solved in a few seconds. In 
addition, this formulation is more flexible and does not require pre-calculation of a set of 
acceptable load samples. Finally, they plan to test the developed formulations in practice, 
taking into account the peculiarities of each particular terminal (e.g., the presence of 
dangerous goods, height restrictions of cargo units, or different assignments of wagons within 
the same train). The paper (Ambrosino et al., 2013) studied and compared different train 
loading policies using different storage strategies in a container terminal. They test nine 
different policies based on a combination of sequential, non-sequential, and partially 
sequential train loading and different container storage strategies. The results of the analysis 
show that the preferred loading and storage strategies depend on the specific terminal and 
its objectives, and a future study will analyze the different scenarios in more depth. 
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Some researchers (Ng & Talley, 2020) address the issue of optimizing the use of rail trains 
for container transport in marine terminals, especially using double formations. The use of 
rail transport is important to improve the sustainability and efficiency of container transport 
to and from marine terminals, especially with the increasing size of ships (Musayev et al., 
2022; Kashkanov & Moskaliuk, 2024). A binary linear optimization model has been developed 
to optimize the space utilization on railway trains. To verify the effectiveness of the model, 
realistic tests were conducted, which led to interesting observations. For example, it was 
found that if the number of railway hubs is limited to one railway track, the space usage on 
railway trains decreases significantly. On the other hand, if multiple railway hubs per track 
are allowed, the space usage on the trains can be significantly increased (Kuzmenko et al., 
2021). It has also been found that as the number of containers increases, e.g., due to the use 
of large capacity ships, the usage of one railway hub per track becomes less and less optimal. 
Optimal loading plans can be obtained if the number of containers is large enough. This means 
that the use of large-capacity ships can facilitate the use of railway trains, even if this leads to 
sub-optimal methods. The proposed model allows the most important parameters to be 
taken into account when developing optimal loading plans for railway trains. However, for 
more accurate optimization, an extension of the model to account for less common container 
types such as tanks and dangerous goods can be considered. Optimization of container 
loading and ship departure planning can also be considered to ensure that the right containers 
are available at the right time. 

The solutions developed by the above-mentioned reports can also be used in Kazakhstan 
to increase transport flows in the region. They propose models to optimize logistics processes 
and increase resource efficiency in the transport system. This will allow Kazakhstan to become 
another logistics hub and strengthen its economic position in the region. However, it should 
be noted that the implementation of such projects should take into account environmental 
and social aspects to ensure sustainable development of the region. 

The findings show the necessity of incorporating both static and dynamic stresses into the 
design of load-handling systems for grain transportation. The findings indicate that an 
increase in the diameter of downcomer pipes results in a reduction in container filling time; 
however, this also introduces higher dynamic stresses, necessitating careful design 
considerations to achieve an optimal balance between efficiency and structural integrity. The 
results offer a practical insight into the potential for improving grain loading operations, with 
the possibility of extending the applications beyond Kazakhstan to other major grain-
exporting regions. This approach not only enhances operational efficiency but also ensures 
that safety standards are met, thereby making a valuable contribution to the global grain 
logistics industry. 

5. CONCLUSION 
 

As a result of the research, the initial data for mathematical modeling were determined: 
(i) the MathCad application program was selected for analytical calculation;  
(ii) four test positions of the load-handling frame of the developed stationary hoist were 

selected according to the technology of loading works;  
(iii) the number of static stress calculations was determined for the selected positions;  
(iv) the calculation scheme for determining static stresses was proposed;  
(v) the number of calculations to determine the minimum time of filling the container and 

dynamic load at the test position 1 (at the angle of the tilt of the container is 90°), with 
the implementation of 4 changes in the radius of the downcomer pipes of the loading 
hopper. 

http://dx.doi.org/10.%2017509/xxxx.xxxx


Balabayev et al., Mathematical Modeling of Static and Dynamic Stresses in the Construction of …  | 566 

DOI: http://dx.doi.org/10. 17509/xxxx.xxxx 

p- ISSN 2776-6098 e- ISSN 2776-5938 

Additionally, the static stresses in the construction of the load-handling frame of the 
stationary hoist under development have been calculated. For the first time, transient 
stiffness coefficients of the system were introduced, taking into account changes in the 
geometric characteristics of the cross-sections of the load-handling frame sections, and these 
coefficients are equal to µ = 0.014; v = 0.029; and  = 0.072. When calculating Mora’s integral, 
the method of direct integration is used to calculate the frame displacements accurately. The 
calculation of a statically indeterminable load-handling frame by the force method in matrix 
form was carried out, which allowed calculation of the effectively for (made it possible to 
effectively calculate) the systems having a large degree of static indeterminacy and a 
significant number of loading sections. 

Thus, the obtained values of maximum normal stresses in the construction of the load-
handling frame fully satisfy the condition of strength, ensuring that the maximum stresses will 
not exceed the permissible stress. In addition, modeling of the container filling process was 
performed by calculating the time and speed of its filling depending on the mass of the falling 
bulk medium. The dynamic stresses occurring in the load-handling frame construction of the 
stationary hoist under development were calculated. The dynamic coefficient λ dependent 
on the height of the fall was calculated and the dynamic stresses during the filling of the 
container were determined based on the impact theory. Furthermore, during processing and 
analysis of the results of mathematical modeling performed in the MathCad software 
environment, the dependences of static stresses (σi, MPa) on the acting loads (Fi/S, MPa) for 
four tested positions were obtained, the relationship between the time of container filling 
and the hole radius of the downcomer pipes of the loading hopper was found, and the data 
on the relationship of dynamic stresses with hole radius of the downcomer pipes of the 
loading hopper were obtained. 

This study presents a comprehensive evaluation of both static and dynamic stresses in the 
design of a stationary hoist system for grain loading. The integrated mathematical model 
developed here represents a significant advancement in the field of grain transportation 
systems, providing more accurate predictions and practical solutions for optimizing such 
systems. The broader implications of this research are threefold: firstly, it has the potential to 
improve global agricultural logistics; secondly, it has the potential to reduce costs; and thirdly, 
it has the potential to enhance the competitiveness of grain exports from Kazakhstan and 
other key regions. Further research should investigate the environmental and cost-saving 
benefits of such optimizations in greater depth, particularly in the context of sustainable 
agricultural practices. 
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